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Abstract

This paper studies the interaction between a single long-lived principal and a series of short-lived
agents in the presence of both both moral hazard and adverse selection. We assume that the
principal can influence the agents’ behavior only through her choice of a retention rule; this rule
is further required to be sequentially rational (i.e., no precommitment is allowed). We provide
general conditions under which equilibria exist in which (a) the principal adopts a “cut-off” rule
under which agents are retained only when the reward they generate exceeds a critical bound; and
(b) agents separate according to type, with better agents taking superior actions. We show that
in equilibrium, a retained agent’s productivity is necessarily declining over time, but that retained
agents are also more productive on average than untried agents due to selection effects. Finally, we
show that for each given type, agents of that type are more productive in the presence of adverse
selection than when there is pure moral hazard (i.e., when that type is the sole type of agent in the
model); nonetheless, adding uncertainty about agent-types cannot benefit the principal except in
uninteresting cases.



1 Introduction and Summary

Principal/Agent models in economics and allied fields have traditionally taken the form of the
compensation contract to be the primary mechanism available to the principal to induce the agent
to take desirable actions. The “standard” model adopts a Stackelberg approach to equilibrium:
the agent’s reservation utility level (i.e., the utility level from alternative employment) is taken as
given, and the principal maximizes her net utility subject to incentive and participation constraints
for the agent.

Two considerations suggest that it may be worthwhile considering an alternative formulation of
the principal/agent relationship. First, it is well known that equilibrium compensation contracts
in principal/agent models under the traditional approach often take on complex and unintuitive
forms. In contrast, even in cases where performance is relatively easy to measure, contracts ac-
tually observed in practice have very simple structures; in the mutual fund industry, for example,
the overwhelming fee of choice is one that simply charges a fixed percentage of the assets under
management.! Second, a wealth of anecdotal and empirical evidence suggests that a manager’s
utility level from alternative employment depends non-trivially on the conditions under which cur-
rent employment is terminated. In particular, in situations where the termination is initiated by
the employer (i.e., the manager is “fired”), managers typically incur substantial personal costs in
the form of lower wages and other lost benefits? (see, e.g., Gilson [15]). This suggests that the
threat of dismissal, or equivalently, the choice of conditions under which an agent is retained, may
itself be a powerful tool available to the principal.

This paper studies a principal/agent model that focusses attention on the issue of optimal
agent-retention by the principal. Our model admits both moral hazard and adverse selection in its
formulation; indeed, our primary aim is to understand the extent to which the threat of dismissal
may be used to alleviate each of these problems, i.e., to induce agents to take more desirable actions,
as well as to separate “better” agents from “worse” ones. Given this objective, we abstract from
other considerations and assume the choice of the retention rule to be the sole policy instrument at
the principal’s disposal. In particular, we take the agent’s compensation contract as given, although
we place few restrictions on its possible form.

A second distinguishing characteristic of our paper is in our use of Nash, rather than Stackelberg,
as the equilibrium concept. In a Stackelberg equilibrium, the agent (or, if there is adverse selection,
the worst type of agent) receives only his reservation utility in equilibrium; the bulk of the gains from
the principal/agent interaction accrue to the principal. Our use of Nash equilibrium is designed to
capture the possibility that these gains could occur to both sides, and not just to the principal. We
also require the principal’s strategy to be fully sequentially rational; the principal is not allowed to
pre-commit to a retention rule.

A third and final dimension along which we differ from much of the literature in this area is

!Lipper Analytical Services estimates that only 75 of the 5,400 stock and bond funds in the US charge fees that
depend directly on the fund’s return performance; see Gould [16]. Indeed, it is also true in many cases that com-
pensation contracts within an industry differ very little. For example, in a study of portfolio managers, Lakonishok,
Shleifer, and Vishny [23] report that on accounts of $50 million, half of their sample had fees lying between 43 and
56 basis points of the value of assets managed.

2For example, stock option grants that have not yet vested are usually lost when the employee is fired.



in admitting a divergence in the horizons of the principal and the agents. It is not an unusual
occurrence in many “real-life” principal/agent relationships for principals (mutual fund investors.
shareholders, voters) to be looking at a longer term than the concerned agents (fund managers,
corporate executives, elected representatives). To capture such a situation in a tractable setting,
we assume that the principal in our model is infinitely-lived, while all the agents have two-period
lives. The assumption on the principal’s horizon is solely for expositional convenience; analogous
results to those we derive here remain valid even if the principal has a finite life-span of arbitrary
length. The assumption concerning agents’ life spans is a little trickier; some of the results we
derive easily extend to the case where agents have arbitrary finite lives, but for some others, even
the issue of existence of equilibrium appears hard to resolve.?

Our model, then, has the following structure. There is a single principal who must, in each
period of an infinite horizon, decide on the choice of agent to be hired for that period. Agents
are available for at most two periods. Thus, if the current incumbent agent (the one who was
hired by the principal last period) has worked only one period, the principal has a choice between
retaining him and replacing him with an untried agent (such an agent is always available); however,
if the incumbent has already been employed for two periods, he must be replaced. Agents generate
rewards for the principal when employed by her; the distribution of rewards depends on the action
or effort level of the incumbent agent. Agents may also be one of a finite number of “types;” an
agent’s type affects his utility from taking any particular action. Neither an agent’s type, nor his
action when employed, are observable by the principal, whose only source of information concerning
an agent lies in observation of the rewards generated by that agent when employed. Based on a
conjecture of the strategies generating these rewards, the principal decides on the retention rule
to be employed, i.e., the conditions, if any, on realized rewards under which an incumbent agent
will be retained for a second period. As we have already mentioned, this choice of retention rule is
required to be sequentially rational; no precommitment to a given rule is allowed. Agents choose
their strategies as optimal reactions to the principal’s choice of retention rule. Equilibrium is then
defined in the usual fashion.

A summary of our results, and some brief comments on the related literature, are provided in
the two subsections immediately following. One final aspect of our model, however, merits mention
here. A number of labor arrangements exist in the marketplace in which a single “promotion” or
“retention” decision by an employer is of paramount importance (for example, the promotion of a
lawyer in a firm to partner, or the granting of tenure to a univefsity professor). Given that agents
in our model have two-period lives, an obvious analogy arises between retaining an incumbent
agent in our model, and a promotion decision of the sort described above. Thus, although the
main motivation for our analysis lies in understanding the incentives inherent in the possibility of
dismissal, our model and results speak to such arrangements also.*

3A companion paper, Banks and Sundaram [4], looks at the case where the principal and the agents are all
infinitely-lived, and identifies a particularly appealing class of equilibria in that setting.

4The fact that the two periods in our model are equal in length may appear to make the analogy between our
model and these situations imperfect. In fact, this is not a relevant issue. Using similar arguments to those employed
in this paper, one can show the existence of similar equilibria even if the second “tenured” stage of agents’ lives is
longer than the first.



1.1 Results

Our first result (Proposition 3.1) shows that, under suitable general conditions, there is an equilib-
rium in the model which is “symmetric” (i.e., the principal’s strategy treats all ex-ante identical
agents identically, and all agents of a given type adopt identical strategies). This equilibrium pos-
sesses some strong desirable properties. Agent strategies are ordered in type in each period in the
sense that “better” types of agents take (weakly) “better” actions. Further, the principal’s equi-
librium retention strategy is a cut-off rule in which an incumbent who has completed one period is
retained for a second if, and only if, the first-period reward exceeds a critical (“cut-off”) amount.’

Propositions 3.2 and 3.3 further characterize this equilibrium. Proposition 3.2 shows that in
addition to the type-monotonicity identified above, agents’ strategies also have a temporal mono-
tonicity property, viz., agents of each given type take (weakly) higher actions in the first period of
employment than in the second. Under some strengthened assumptions, Proposition 3.3 shows that
this inequality may be made strict. This temporal monotonicity in agents’ strategies is, of course,
an equilibrium consequence of the principal’s retention strategy, in that the threat of dismissal for
falling short of the cut-off provides an incentive for agents to work harder in the first period than
they would otherwise.®

A feature of this equilibrium, which is implicit in the presentation above, but deserves special
emphasis, is the following: even though all agents take lower actions in their second periods, the
principal nonetheless finds it optimal, in equilibrium, to retain incumbents who generated a suffi-
ciently large reward in their first period. Intuitively, the optimality of the cut-off strategy is simply
a consequence of the principal’s beliefs shifting towards the better types of agents on account of the
high first-period reward. Of course, one would expect that for retention to be sequentially rational
for the principal, it should be the case that if an agent is retained, the principal’s expected one-
period reward from the agent is greater than that received from an untried agent in his first period
of employment. Proposition 3.4 shows that this is, indeed, the case. Thus, while all agents worker
harder in their first period employment than in their second, retained agents are, in equilibrium,
more productive on average in their second periods than untried agents in their first.

Another way of viewing these results is as follows. We can think of the temporal monotonicity
captured in Propositions 3.2 and 3.3 as saying something about the time-series data concerning an
agent’s performance while employed, namely, that expected performance declines with time. On
the other hand, suppose we had a number of these principal-agent relationships going concurrently.
If we were to look at the data cross-sectionally, in a single period we would have a certain number
of agents being employed for a second period, with the remainder being in their first period. In
this case, the former would, on average, be more productive than the latter (by Proposition 3.4).
These seemingly contradictory conclusions are rendered consistent by the selection bias inherent in
“better” (from the principal’s perspective) types being retained sufficiently more often than “worse”
types; in equilibrium, retained agents will be more productive in their second period than untried
agents in their first period.

5Such cut-off strategies have been used by many authors (for instance, Barro [6] or Reed [31]), but have not—as
far as we know—been derived as equilibrium strategies when there are no restrictions on choosing possible retention
rules. The “review strategies” of Radner [30] are cut-off strategies if reviews are conducted every period, but are
otherwise a weaker class of strategies.

®Empirical support for this phenomenon can be found in Besley and Case [7].



We then turn to a study of the special case of our model of pure moral hazard, i.e., where
all agents are of the same known type. Our main result here (Proposition 3.5) shows that only
“trivial” equilibria now survive: in every equilibrium of the pure moral hazard game, every agent
plays a myopic action in every period. (A myopic action is one that maximizes the agent’s one-
period utility; in taking such an action the agent effectively ignores its impact on future utility.)
Therefore, in contrast to the earlier results, the absence of uncertainty about agent preferences
implies there can be no equilibrium performance effect: the principal cannot credibly provide the
incentive for agents to work hard in the first period.”®

The combination of Propositions 3.3 and 3.5 raises an interesting possibility. The former result
showed that, under certain circumstances, there exist equilibria in which agents’ strategies separate
over time, with agents of all types taking strictly higher actions in their first period than their last.
Since all agents evidently take myopic actions in their last period (the future is now irrelevant to
them), the question naturally arises whether there are conditions under which the principal can
actually be made better off by introducing adverse selection into the model.® Indeed, it appears
plausible that under suitable circumstances, the principal’s payoffs could be improved even if the
new types of agent-types introduced into a pure moral hazard problem are all “worse” than the
single agent-type of the original problem. (For instance, the probability of the old type could be
arbitrarily close to unity, while the new types may be only marginally worse. )

Unfortunately, and somewhat unexpectedly, this intuition turns out to be misguided. We show
first in Proposition 3.6 that the set of equilibria varies upper-semicontinuously with the prior belief
on types. This implies that adding a “little bit” of uncertainty about agent types will only induce
a “small” movement away from myopic behavior. Proposition 3.7 then completes the argument
by showing that this “small” movement away from myopic behavior can never be sizeable enough
to compensate for the introduction of “worse” agent-types. More specifically, we show that the
principal can never benefit from the introduction of “worse” types of agents, and, less surprisingly,
can never lose from the introduction of “better” types. However, we do show that if adverse
selection is introduced in more complex (but still intuitively appealing) ways than simply adding
a single new type of agent, then it is certainly possible that the principal strictly benefits from the
added uncertainty over the agent’s type.

This is no longer true if the principal can credibly pre-commit to a given retention rule; see, e.g., Ferejohn [13]
who examines precisely this situation.

3This result of adverse selection attenuating the effects of moral hazard should be contrasted with that found in
Coate and Morris [9]. In their model, agents (politicians) can be “good” or “bad.” Agents have the opportunity to
develop a project which may or may not be efficient to provide; agents know this information, but the principal (the
voter) does not. If the agents’ types are known to the principal, the project is only undertaken when it is efficient
to do so. However, when types are unknown, a bad type will, in equilibrium, always develop the project in order to
hide a transfer of benefits to a special interest. (The bad types, unlike the good types, values the utility of special
interests.) In this sense, moral hazard in their paper is greater in the presence of adverse selection.

This question is remniscent of the motivation in Kreps, et al [20], who show that admitting a “small” probability
that one of the players in a finitely-repeated prisoners’ dilemma is “irrational” (say, is an automaton) could create
equilibria under which both players are better off.



1.2 Comments on the Related Literature

Dyanmic models of principal/agent interaction have been the focus of considerable attention in
recent years (examples include Radner (28], [29], (30); Rogerson [32]; Fudenberg, et al [14]; Baron
and Besanko [5]; Dewatripont [10]; Laffont and Tirole [21], [22); and Dutta and Radner [12]). As
mentioned in the opening remarks our model differs from the standard approach taken by most
(but not all; see the following paragraphs) of these papers in our focus on the retention rule, rather
than the compensation contract, being the main motivating tool available to the principal. This
change in perspective necessitates a change in modeling strategy. For example, in the traditional
approach, it is typical to assume the existence of only one agent; even where multiple agents are
implicit involved in the analysis, they are rarely explicitly introduced. In contrast, the presence of
multiple agents is central to our approach.

Some other papers in the literature have also focussed (in some cases, implictly) on the retention
decision of the principal. One example is Radner [30]. Radner examines a model in which the prin-
cipal “reviews” the agent’s performance once every k periods; if the agents’s average performance
over a review cycle falls short of a cut-off the agent is terminated. Radner’s model does not consider
adverse selection problems; the model also does not concern itself with equilibrium, but rather on
the incentive effects of different review strategies. Heinkel and Stoughton [18] provide a second
example. They study portfolio management contracts in a two-period principal/agent model with
both moral hazard and adverse selection problems. They show that the threat of dismissal at the
end of one period can be a powerful motivation for the agent to take desirable actions.

A branch of the principal/agent literature that is closely related to our work is that on repeated
elections, where the (representative) voter plays the role of principal and the potential candidates
for election that of the set of available agents. In such a scenario, it is natural to abstract from
compensation considerations, and to focus on the reelection decision of the voters as a function
of the agent’s performance. Interpreted in this light, our model may be considered a model of

repeated elections with the presence of term-limits (of two periods) on the agents.

Most previous research on repeated elections in the presence of informational asymmetries has
studied the voter’s decision problem from either the moral hazard or the adverse selection perspec-
tive. Examples of the former include Barro [6], Ferejohn [13], and Austen-Smith and Banks (3],
while those of the latter include Rogoff [33], and Reed [31]. The current model goes beyond these
in that it incorporates both moral hazard and adverse selection considerations. It is closest in spirit
and structure to that found in Banks and Sundaram [4], with the principal difference being that in
Banks and Sundaram [4] no term limits were posited for the agents.

2 The Model

2.1 Timing and Information

We consider a discrete-time infinite horizon model with periods indexed by t = 0,1,2,.... In each
period, an infinitely-lived principal must decide on the choice of a single agent for that period.
Agents may be employed for at most two periods. Thus, if the current incumbent agent has one



period of employment remaining, then the choice the the principal faces is between re-selecting the
incumbent and replacing him with another agent; while if the incumbent has already completed
two periods of employment, the principal must select a new agent. All untried agents appear ex
ante identical to the principal; we assume, without loss, therefore, that at each date there is only
a single untried agent available.'® This agent will be described by his date of appearance .

Agents in the model are distinguished by their type. Each agent may be one of a finite number
of possible typesw € 2 = {wiy...,wn}. We will define an ordering on by w; < -+ < wy, and will
refer to w; as a “better” type than w; if k> I. Thus, w, represents the best type of agent, and w
the worst type. The justification for this ordering and terminology will become clear when we list
our assumptions on the model below (see the discussion after Assumption A6).

Agents’ types are assumed to be realizations of i.i.d. draws from a common distribution 7 =
(Ty,....m,) € P(2). (For any set X, P(X) will represent the set of all probability distributions
on X.) The distribution = Is taken to be common knowledge to the players in the model. Adverse
selection is introduced into the model by the assumption that an agent’s “true” type is private
information to the agent, and is unknown ex ante to the principal (provided, of course, that 7, > 0
for at least two distinct values of k).**

Agents generate rewards 7 € R for the principal while employed by her. The distribution of
these rewards in any period depends on the action a the agent takes in that period. The set
of actions available to any agent in any period is taken to be a non-degenerate compact interval
A = [a™,a™] C R. If the agent takes the action @ € A, then the reward 7 is realized according
to the distribution F(:-]a). The principal observes the reward 7 in each period, but not the action
a which generated it. However, the principal does have complete knowledge of the set A and the
family of conditional distributions F' (+|a) for a € A.

We make the following assumptions on the reward distributions:

A1 For each a € A, F(-la) admits a density f(-|a) with respect to the Lesbegue measure.

A2 The set {r: f(rla) > 0} is a bounded interval in R that is independent of @ € A; the closure
of this interval in denoted §.

A3 The density f(-|a) is jointly continuous on .5 X A.

-

A4 f(-]) satisfies the Monotone Likelihood Ratio Property (MLRP), i.e. for all a,@ € A with
a > @, the ratio f(r]a)/ f(r|a) is strictly increasing in 7.

Assumptions Al and A3 are self-explanatory. Assumption A2 ensures that the principal cannot.
with cetainty, rule out certain actions on the basis of observed rewards. Such an assumption is
standard in the literature on imperfect monitoring (e.g. Abreu, et.al. [1]). The MLRP condition has

10There is an implicit assumption here that agents who are not hired in the period of their appearance are no longer
available to the principal, and neither are incumbents who are replaced at any point. This assumption is without

loss of generality for the class of equilibria we consider below.
1We do not require wx > 0 for all k = 1,...,n. Indeed, since we wish to examine, among other things, the

convergence of equilibria under adverse selection to those arising in the pure “moral hazard” case (i.e. when mx =1
for some k), it is essential to allow for the possibility that some components of © may be 0.



been extensively employed in a number of papers both in the principal-agent literature (e.g. Gross-
man and Hart [17]) and elsewhere (Milgrom [25]). An important implication of this assumption is
that F(-]a) is ordered according to first-order stochastic dominance, i.e., for any given r € int 9, it
is the case that F(r|a) < F(r|a), whenever a > a.

2.2 Preferences

The utility of an incumbent agent in cither period of employment depends on the action taken by
the agent that period and the agent’s type, and is denoted u(a,w); the utility level of agents while
unemployed is normalized to 0. To make the choice problem faced by the agent non-trivial we shall
assume throughout that for each type w € Q) there exists an action a(w) satisfying u(a(w),w) > 0.
This captures the point that all agents find employment more desirable than unemployment. Agents
discount future utilities by the common factor é € [0,1].

Our next assumption on preferences requires a definition. Let g(z,y) be a function from R x R
into R . Then, g is said to be supermodular in = and y if whenever (z,y) > (%,7), we have

g(z,y) - 9(z,9) > 9(Z,y) — 9(Z,9).

If the strict inequality in the definition is replaced by a weak one, then g will be said to be weakly
supermodular. In words, supermodularity requires that as y increases, the impact on ¢ of increasing
¢ increases as well. If g is twice-continuously differentiable, then the condition of supermodularity
is equivalent to the requirement that 0%g(z,y)/0xdy > 0;if g is differentiable only in z, then the
condition is that dg(z,y)/0z increases in y.

Supermodularity has been widely utilized in studying a variety of problems including ad-
verse selection (e.g., Spence [35]) and games with strategic complementarities (e.g., Milgrom and
Roberts [26]; see Milgrom and Shannon [27] for a detailed analysis of supermodularity and its vari-
ants, as well as further references of applications). Note that if g is additively separable in x and y
then it is weakly supermodular, but not supermodular; and that if g is multiplicatively separable
in  and y, and is also increasing in z and y, then g is supermodular. We will make use of both

these observations shortly.

-

We make the following additional assumptions on the agents’ preferences:

A5 u(a,w) is supermodular in (a,w).

A6 u(a,-) is increasing on Q.

AT u(-,w) is continuous and strictly quasi-concave on A.

The content of Assumption A5 has been explained above. Assumption A6 states that “hetter” types
of agents find it cheaper to take a given action than “worse” types, relative to the unemployment

utility level; this is, in fact, the sense in which they are “better.” Assumption AT guarantees the
existence of unique best actions for the agent if employed for a second period.

-1



The principal’s preferences take on a simpler form: her utility in a period depends solely on
the reward r generated by the incumbent agent that period, and is given by v(r), where v(-) is a
strictly increasing function. The principal’s discount factor is given by a € [0,1).

A comment or two on the generality of this specification of preferences is, perhaps, in order
here. One possibility is that we have u(.) = z - ¢(a,w), where z denotes the fixed direct benefits
from being employed and c(a,w) is interpreted as the opportunity cost of taking action @ € A when
the agent’s type is w € . As long as ¢(-,-) is continuous in a, increasing in w, and submodular in
(a,w) (i.e. —cis supermodular in (@,w)), the assumptions we have outlined above will be satisfied.
Alternatively, it could be that the principal and the agents actually have coincident underlying
preferences over rewards; for example u could be given by u(a,w) = fv(r)dF(rla) — c(a,w) where
v(+) is, as defined above, the principal’s utility function. In this set-up, the principal and agent
agree on what are good and bad outcomes; the heterogeneity comes about from the presumption
that it is the agent who directly influences these outcomes.

We also could have a “canonical” version of the principal/agent model found in the economics
literature: let the agent’s per-period preferences over income and cost be given by the quasi-linear
form y—c(a,w), let 7 € R denote monetary profits accruing to the principal, and let s(r) denote the
share of profits going to the agent.!? Then, the agent’s total utility in any one period of employment
will be s(r) — ¢(a;w); so the ex ante expected utility the agent obtains is

u(a,w) = /s(r)dF(r | @) — ¢(a,w).

If ¢ is submodular and v(r) = r — s(r) is increasing in r, the assumptions on the principal’s and
agents’ preferences will be satisfied.

2.3 Histories and Strategies

In general, a t-history for the game is a list of the agents who have been employed in periods
1,...,t — 1, the rewards they generated, and the current incumbent agent; a strategy ¢ for the
principal is a sequence of measurable maps {(;}, where for each t, ¢; specifies, as a function of the
t-history to date, whether the current incumbent agent is to be replaced; and a strategy A for agent
t is a sequence of measurable maps {)\:-}, where A, specifies an action for agent ¢ in period (¢ +7)
given the (t+7)— history to date, 7 = 0, 1. In this paper, we focus on a class of strategies of special
importance that we call anonymous strategies. Anonymous strategies, in words, are those which
are symmetric in agent types (i.e., where the identity of an agent beyond his type is immaterial):
all ex-ante identical agents are treated identically by the principal, and all agents of a given type
employ the same strategy.

A personal history for a given agent is simply the reward r € S generated by the agent in his
first period of employment. Since the principal must replace an agent if the latter is at the end
of his two periods in office, an anonymous strategy o for the principal is simply a retention rule
employed by the principal between an agent’s first and second periods that is based solely on the

1214 is implicit here that the same sharing rule applies to both periods of employment. However, this is unnecessary.
See the remark following Proposition 3.1 below.



agent’s personal history. That is, an anonymous strategy is a measurable map o:.5 — {0, 1}, where
0 denotes the action of replacing, and 1 denotes the action of continuing with, the incumbent agent.
Let ¥ denote the set of all anonymous strategies for the principal.

An anonymous strategy for a generic agent is a first period action as a function of the agent’s
type, and a second period action as a function of type and the reward generated in the first period.
Since (as we shall see) allowing the agent to mix in her choice of first period action is essential in
guaranteeing existence, we will denote an anonymous strategy for an agent of type wy by (pue.7x),
where iy € P(A) is a mixed action for an agent of type wy in the first period, and 75 — A
is a function specifying a type-wy’s second period action as a function of the realized first period

reward. Let the vector ({it}, {7k})e=1, . be denoted by (,7), and let © denote the set of all
possible (i,7). i.e., the set of all possible anonymous strategies for the agents.

Two further definitions will be useful in the sequel. First, an anonymous strategy o for the
principal will be called a cut-off strategy if there exists an 7 € § such that o(r) = 1 if and only if
r > 7. That is, a cut-off strategy is one in which an incumbent agent is retained for a second period
if and only if the reward generated by the agent in the first period exceeds some critical level.

Second, an anonymous strategy (y,7) for the agents will be called type-monotone if it involves
better types taking higher actions in each period, i.e., if:

1. The agents’ first period actions px € P(A) are “ordered” in the sense that there exist intervals
[a, 0] C A such that by < agyy fork=1,...,n—1,and e ([ar, b)) = 1 for all k.

2. The agents’ second period actions are also ordered in the sense that for all 7 € R, we have
(1) < Ypqa(r) fork=1,...n — 1.

2.4 Best-Responses and Equilibrium

Since our focus in this paper is only on equilibrium in anonymous strategies, we avoid irrelevant
generality and define equilibrium for that case alone. We begin with a description of the principal’s
best-response problem.

The principal starts with a prior 7 regarding an agent’s true type, and updates her beliefs using
the observed rewards and a conjectured (anonymous) strategy for the agents. Formally, let the
conjectured agent strategy be (p, v) € © , and suppose that the current incumbent has generated a
reward of r in his first period of employment. Now for any distribution m € P(A), the conditional

probability of observing r given m is

w(rjm) = /Af(r[a)m(da). (2.1)

Thus, upon observing r, the principal’s updated belief that the incumbent agent is of type k.
denoted Fi(r), is

‘ _ WkSD(T‘Nk) 2.9
Br(r) = —_——Z?=1Wj¢(rlﬂj) (2.2)



Given this updating rule, each strategy o for the principal defines in the obvious (if notationally
dense) manner, a t-th period expected utility against (,7) denoted w(c; pt,7). The worth of the
profile (o, p.v) to the principal is then given by

W(a,1,7) = 3 a'wdlo;p, 7). (2.3)

t=0

A strategy o is said to be optimal against (p,v) for the principal if
W(o™, u,7) 2 Wio, 1, 7) (2.4)

forall o € X.

The agent’s best response problem is easier to define. If an agent of type w; who generated a
reward of r in the first period is retained for a second period, the second-period action 7x(r) will
be optimal for the agent if and only if

vi(r) € argmax{u(a,w;) | @ € A} (2.5)

for all r € 5. To identify the optimal first-period action for an agent of type-w; when the principal
is using the anonymous strategy o, let

U(wy) = max{u(a,wy)|a € A}, kE=1,...n, (2.6)
and let
R, = {reS|o(r)=1} (2.7)

denote the set of first-period rewards for which the agent is retained. Then the first-period strategy
11y, is optimal against o (for an agent of type wy) if and only if p(A(o,wi)) = 1, where

A(o,wy) = argmaXgea {u(a,wk)-l-é/R U(wk)dF(rla)}., (2.8)

Finally, we say that the profile (o, 1t,7) constitutes an equilibrium for this model if o and (4,7)
are optimal against each other.

It is important to note, in closing, that while we require best-responses to be chosen from the
class of anonymous strategies, this is not really a restriction. If the principal bases the criteria on
which a particular agent ¢ is retained in office only on t’s performance, t’s optimization problem is
unaffected by the history of previous play; thus, if at all it admits any solution, it must admit a
solution in which the optimal strategy is based solely on t’s own history. Conversely, if all agents
use anonymous strategies, the principal cannot benefit by conditioning her response against any
particular agent on the performance of any other agent. It follows that equilibria in anonymous
strategies remain equilibria even when some or all players may condition their actions on the entire
history of play. '
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3 Results

Our first result establishes the existence of anonymous equilibria in the model under the assumptions
we have outlined above:

Proposition 3.1 There exists an equilibrium in anonymous strategies (o™, p*, ") where 0" is a
cut-off strategy, and (p*,7*) is a type-monotone strategy.

Proof See Appendix A. O

Remark A perusal of Appendix A reveals that the proof of the proposition nowhere uses either
the convexity of A or the (weak or strict) quasi-concavity of u(-,w) on A. In addition, trivial
modifications to the proof show that the same result can be obtained even if the reward distributions
and the agents’ per-period utility functions depend on whether the agent was in his first of second
period of employment, as long as both sets of functions continued to satisfy Assumptions A1-AT.
In particular, the value of office for an agent, the productivity of the agent, and the compensation
structure for the agent could all be functions of an agent’s time of employment without affecting
Proposition 3.1. However, generalizing the model in these directions creates significant notational
complexity, without adding anything of corresponding value to our understanding of the problem.
g

The proof of Proposition 3.1 consists of three steps. In the first step, it is established that when
the principal uses a cut-off strategy, then the agents’ best-responses satisfy type-monotonicity.
Then, in the second step, it is shown that when the agents employ type-monotone strategies,
the principal’s optimal response will have a cut-off form. In the third and final step, continuity
properties of these best-responses are used in conjunction with a fixed-point theorem to provide
the desired result.

The combination of supermodularity and the monotone likelihood ratio property of the reward
densities plays a big role in these steps. The intuitive arguments are quite simple; we will sketch
these arguments here using the notation of subsection 2.4 (see, especially, expressions (2.1)-(2.8)).
Clonsider the first step. By the supermodularity of u, better types of agents will always take higher
actions than worse types in their second period of employments i.e., regardless of the first-period
reward 7, we will have

71(r) < -0 < 7). (3.1)
Moreover, by Assumption A6, better types must have higher second-period utility also:

U(wy) < -+ < Ulwn)- (3.2)
Now, suppose the principal employs a cut-off strategy with cut-off point 7. Given the action a € A.
the probability of failing to make the cut-off is then F(F|a); thus, a type-w; agent’s first-period
utility from the action a is simply

H(F, a,w) = u(a,wg) + 8U(wi)[l - F(7la)]. (3.3)

11



By the MLRP property, higher actions result in stochastically dominant reward distributions.
Combining this with monotonicity of U(-) in wy (equation (3.2)), and the supermodularity of u.
it can be shown that H is itself supermodular in (a,w) for each 7. It is immediate from this that
first-period actions for the agents will also be type-montone, completing the first step of the proof.

The second step of the proof obtains by combining several observations. Under MLRP, high
rewards are more likely to have come from high actions. Thus, if the agents employ type-monotone
strategies, then a cut-off strategy for the principal makes it more likely that only better types of
agents will be retained. Retaining only the better types of agents is desirable for the principal,
because (by hypothesis) the second-period actions of the agents are ordered according to type.
Intuitively, it is apparent from all this that a cut-off strategy is optimal for the principal against
type-montone strategies; the formal arguments only require some additional technical details.

From existence of equilibrium, we now turn to the issue of characterization. Throughout this
discussion, we confine attention to anonymous-strategy equilibria of the type identified in Propo-
sition 3.1 (i.e., cut-off strategies for the principal, type-monotone strategies for the agents). For
the purposes of these results, we will also define the support of a distribution m € P(A) to be the
smallest closed subset A’ of A such that m(A’) = 1.

Proposition 3.2 Let (o*,u*,7") be an equilibrium as in Proposition 3.1. Then, for k=1,....n,
and any r € S, it is the case that ax 2 vz (r), where ay is the lower bound on the support of uj.
That is, agents’ actions are (weakly) decreasing over time.

Proof Fixany k € {1,...,n}. As earlier, let U(w) = max{u(a,ws) | a € A} denote second-period
payoff to a type-w; agent. By hypothesis, U(w;) > 0. Let r* denote the cut-off employed by the
principal. For ¢ € {0,1}, define

U*(q,a,wx) = u(a,wi)+ g6(1 = F(r*[a)]U(ws)

Then, U*(0,a,w;) gives the maximand for the agent’s second period maximization problem, and
U*(1,a,wy) that for the first period. Now if 7* is equal to either inf § or sup §, or if 6 = 0, the
agent will choose the same action in either period (the uniqueness of this action follows from strict
quasi-concavity of ), and the claim in the proposition obtains trivially. So suppose, therefore, that
r* ¢ {inf S,sup 5} and that 6 > 0. -

As a first step, we will show that U*(q,a,w;) is supermodular in (g,a). Let a > @, so F(r*|a) >
F(r*|a). Since 6U(w;) > 0, we have that

u(a,wy) — w(@,wi) + §U(w)[F(r*|a) — F(r*|a)] > w(a,wy) — (@, w), (3.4)
which is equivalent to
U*(l,a,wk) - U*(l,a,wk) > U*(O,a,wk) - U*(O,a,wk).

This says precisely that U* is supermodular in (g,a). Of course, it follows immediately that the
set of maximizers will be ordered across time; that is, letting

M*(q.we) = argmax,e,U"(q, a,wy),

12



it is the case that if a € M*(1,w;) and @ € M*(0,w;),'® then a > a. In equilibrium, we must have
€ P(M*(1,wy)); Proposition 3.2 follows. 0

By adding some smoothness and interiority assumptions, we can generate “strict” rather than
“weak” predictions. Define

al = argmaX,e,u(a,ws) (3.5)

Then, a} is type-wy's optimal myopic action, and is unique by the strict quasi-concavity of u. Say
that the environment is nice if the following conditions are satisfied:

1. u and F are continuously differentiable on A.

2. 6>0.
3. ap is in the interior of A for each k.

4. u(a™,w;) < 0 for all &.

Condition 1 allows us to use differentiable techniques in appealing to supermodularity. Con-
dition 2 implies that an agent’s two-period decision problem looks different from the last-period
problem as long as the cut-off 7 ¢ {inf 5, sup 5 }. Conditions 3 and 4 keep an agent’s optimal actions
away from the boundaries of A.

Proposition 3.3 Let (o*,1*,7") be an equilibrium as in Propostion 3.1. Suppose the environment
is nice. Suppose also that w; > 0 for at least two values of k. Let a, and by, denote the minimum
and mazimum points in the support of yu, k=1,...,n. Then, fork =1,...,n— 1, we have:

L Yegr > Vi
2. Ggy1 > be.

3. ap > ")’;:

Finally, it must be the case that r* is in the interior of S, where r* is the cut-off associated with
the strategy o™.

Proof By definition, for each r, 9;(r) must solve maX,ea u{a,wy). Since af’ is the unique solution
to this problem, we must have 7;(r) = af’ for all . By the supermodularity of u in (a,w). it is
immediate that we must have a* < af',, for each k, so the first result obtains.

Next, we will show that r* € int §. Suppose to the contrary that we had r* € {inf 5, sup S}.
Then, of course, agents will take their myopic action af’ in both periods. However, since these ac-
tions are strictly monotone in type, the principal’s one-period reward from retaining the incumbent

13These maximizers exist by the continuity of U* and the compactness of A.
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agent is strictly increasing in the first period reward (this follows from the monotone-likelihood
property of the reward densities; see lemmata A.5 and A.6 in the proof of Proposition 3.1 in Ap-
pendix A). For a sufficiently high first period reward, this second period reward from retaining the
agent will dominate that obtained from replacing him. Consequently, r* € {inf §,sup 5 } cannot be
optimal for the principal, and the claimed equilibrium breaks down. This establishes r* € int S in

any equilibrium.

Next, as in the proof of Proposition 3.2, define
U*(g,a,wp) = u(a,w;) + o[l = F(r[a)]U(wy)

and let M*(q,w;) = argmax{U*(g,a,w;) | a € A}. Then, as we showed in Proposition 3.2, 6 > 0
and r* € int S together imply that U~ is supermodular in (g,a) for each fixed wy. Of course, a
first-period action a; is optimal for type wy if and only if a; € M*(1,w;). By Proposition 3.2. any
such @, must also satisfy ax > 75(r) = af. By Condition 4 in the definition of a nice environment.
we cannot have a; = sup S, so any second period optimal action must lie in the interior of 5. By
the differentiability assumptions on u and F', a; must, therefore, satisfy

F,oa
0(6,0) - qUw) 5 a) = 0
We cannot, therefore, have a;, = a7, so we must have a; > a’ for each k. Since y;(r) = af' for all 7.
the third claim is established. Similarly, the supermodularity of U* in (a,w) and its differentiability

imply agy4; > by for each k, establishing the second claim and completing the proof. O

Propositions 3.2 and 3.3 descibe what may be called a “performance effect” of the principal’s
retention decision, in that each type of agent works harder in the first period than in the second
period. Of course, if an agent will necessarily work less hard in his second period of employment,
it raises the question of why the principal would find it in her interest to at times retain such an
agent. The answer can be found in the “selection effect” taking place in equilibrium:'* not all
agent types are equally likely to be retained. Indeed, higher types (who, by type-monotonicity, are
more productive) are more likely to be retained than lower types. To see this selection effect in
action, let v;(u,7) denote the principal’s expected one-period reward from an agent’s first period
of employment given the anonymous strategies (u,7) for the agents. Similarly let vs(7;u,7) be
the principal’s expected second period payoff; of course, this payoff will, in general, depend on the
agent’s first-period reward 7 through the principal’s Bayesian-updated beliefs.

Proposition 3.4 Let (o*,p*,7") be an equilibrium as in Proposition 3.1, and let ™ be the cut-off
associated with o*. Then, for all v > r*, it is the case that vo(r, 1, y") = (™, ")

Proof Let V be the principal’s expected payoff from the game (or, equivalently, from the contin-
uation game at any point, conditional on begining afresh with an untried agent at that point). By
definition of r*, for any r > r*, the strategy of keeping the incumbent agent for another period and

14The terms “performance effect” and “selection effect” are due to Reed [31].
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then replacing him generates an expected payoff of vy(7,-) + V. Since 7* is the equilibrium cut-off
this payoff must be higher than simply replacing the incumbent today. Consider the alternative
strategy in which the principal discards the incumbent agent, and discards the next agent regard-
less of the reward latter generates, and then returns to the optimal strategy. This will generate an
expected payoff of v;(+) + @V. Since this alternative strategy cannot generate a higher payoff for
the principal than the optimal strategy, it must be the case that

vo(r, )+ aV > vi()+aV,
&Ild so we must have

vo(r,+) > vi(+).0O

Proposition 3.4 establishes that an incumbent agent is retained precisely when the shift in beliefs
concerning the agent’s type is sufficient to overcome the fact that a retained agent will necessarily
work less hard. Equivalently put, while all agents worker harder in their first period employment
than in their second, the equilibrium selection bias implies that retained agents are on average more
productive in their second periods than untried agents in their first.

The temporal monotonicity result in Proposition 3.3 required the existence of at least two types
of agents, since otherwise no “learning” on the part of the principal takes place. It turns out that
it is a simple matter to identify the anonymous equilibria when this condition fails to hold i.e. in
the “pure moral hazard” version of our model in which 7 = e for some k, where €; is the k — th
unit vector in R™.

Proposition 3.5 Suppose T = e, for some k. Then, in any anonymous equilibrium:

1. Agents take the myopic action af' in both periods.

2. If the environment is nice, then r* € {inf §,sup S}, where v* is the equilibrium cut-off.

Proof By Proposition 3.2, each type’s (mixed) actions are weakly decreasing over time, so first-
period actions are (weakly) larger than second-period actions. Thus, it suffices to show they cannot
be strictly larger with positive probability. Now, if places positive probability on any action
greater than aj", the principal’s unique best response is to always replace an incumbent agent, i.e.,
to set r* equal to sup §; but then the agent’s unique best first period action is af?, contradicting
the hypothesis. This establishes Part 1.

To see Part 2, note that if 7* ¢ {inf S,sup S}, then, in a nice environment, an agent’s first
period action will be strictly higher than her second period action. (This is a simple consequence
of the agents’ best-response problem.) However, this would in turn imply that we should have
r* = sup S, a contradiction. O

agents’ types). all equilibria are “trivial.” Without adverse selection, there is no possibility of
selection effects, so there will not exist performance effects either.

Proposition 3.5 shows that in the absence of adverse selection (i.e., of uncertainty concerning
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Our next result examines the continuity properties of the equilibrium correspondence to see if
“small” movements away from the pure moral hazard case can have “large” effects. Unsurprisingly,
we find that the answer is in the negative. Some notational simplification will aid in the presentation
of this result. Since the optimal second-period actions taken by agents are always their myopic
actions, we drop dependence on this part of their strategies, and denote a typical equilibrium by
simply (o*,u*). Thus, given any vector 7 of prior beliefs, let £(7) be the set of all anonymous
equilibria of Proposition 3.1.

Proposition 3.6 £ is an upper-semicontinuous correspondence in T.

Proof See Appendix B. 0

Proposition 3.6 implies, in particular, that as the prior ™ converges to e for some k. the
equilibria converge to equilibria of the “pure moral hazard” case wherein the principal knows the
agent to be of type wy with probability one. Therefore by Proposition 3.5, the equilibrium cut-off
values r* must be converging to either inf § or sup S; in either case, the first-period actions of a
type w; agent are converging to the myopic action af. Hence, adding a “little bit” of uncertainty
concerning agent types will only move the agents a little bit away from their myopic actions.

The combination of Propositions 3.3 and 3.5 nevertheless raises an intriguing possibility. Propo-
sition 3.3 demonstrated that agents take higher actions in the first period of employment than in
the second in the presence of adverse selection. Proposition 3.5 shows that this fails to hold when
there is no adverse selection. The question naturally arises: might it be the case that the principal
is actually better off with adverse selection than without? In particular, suppose we compare the
principal’s equilibrium payoff under two scenarios, the first where only the “best” type of agents
exist (i.e. T, = 1) and the second where there is some uncertainty about agents’ types (m, < 1).
From Proposition 3.5, we know that under the former the principal receives the reward generated
by @™, the best type's myopic action, in every period. On the other hand, Proposition 3.3 informs
us that performance effects are present in the Jatter setting, implying all types take higher actions
in their first period of employment. Certainly, it appears plausible that under some appropriate
set of circumstances—say, the probability of type w, is arbitrarily close to unity, and the “worse”

types are only marginally worse than w,—the principal could be made better off.

Somewhat surprisingly, this intuition is misguided. The following result shows that the principal
can never become better off if “worse” types are added, and can never become worse off if "better”
types are added. Recall that e; denotes the k-th unit vector in R™; let A”~! denote the unit simplex

2 n
in R%.

Proposition 3.7 For any ™ € An=1, let V(r) denote the payoff the principal obtains in some
anonymous equilibrium. Then, V(e,) 2 V(7) 2 Vier).

Proof Pick any 7 € A" !, 1 # e,. If 7 = ¢; for some k # n, the result is trivial, so suppose
for  # e; for any k. Let K be the set of k for which 7, > 0, let (o*p*y") be any equilibrium of
the game given 7, and for any first period reward r let 3(r) = (Be(r))rex represent the principal’s
beliefs regarding the incumbent agent’s type in this equilibrium after observing r. In their last
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period, all agents necessarily take their myopic action a;*; thus, given that the current incumbent
has generated a reward of 7, the principal solves

max{V(7), Z Be(r)E(al) + aV ()},

keK

where E(a?*) = [v(7)dF(#|ay’). We consider two cases. First, suppose the set

{r| > Bu(r)E(af) > (1 - a)V(m)}

keK

is non-empty. Then since E(aT) > E(ay’) for all k, we also have E(a™) > (1 — a)V(7), and since
E(a)/(1 - a) = V(e,) by Proposition 3.5, we are done.

So suppose the second case holds, i.e., for all r, we have

(1-a)V(r) > Z Br(r)E(a)).

keK

Then, necessarily, all agents are dismissed after one period. But this in turn means that in their
first period, all agents will take their myopic actions, implying

(1-a)V(r) = Z mE(ay),

keK

and hence that again V(7) < V(e,).
The second part of the Proposition, that V(r) > V(e,) is proved analgously. a

Therefore the performance effects present in any adverse selection scenario are never enough to
overcome the possibility of “adverse” selection, namely, the possibility of retaining an incumbent
who is less than the best type. .

An intuitively rather appealing case we could consider—and one regarding which Proposition 3.7
has nothing to offer—is one where we introduce adverse selection by making the agent-type of the
moral hazard model, an “average” agent-type of the general problem. Unfortunately, “average”
has no single obvious meaning in our context. One option, for instance, is to suppose that the
myopic actions of the agents in the adverse selection model imply the same expected payoffs for
the principal as that from the single agent-type in the moral hazard model; that is, we have
S, e E(ap) = E(a7), where w, is the single type of the moral hazard model.

In this case, it is not too difficult to see that there are conditions under which the principal can
improve from the presence of adverse selection. Pick any equilibrium of the type in Proposition 3.1.
and suppose r* € § is the cut-off in this equilibrium. Then, since all agents choose (weakly) higher
actions than their myopic actions in the first period, the principal’s first period reward, denoted
v, is at least E(aj'). Let vy(r) represent the principal’s second period reward form retaining an
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incumbent who produced a reward of r in the first period. By Proposition 3.4, we have v,(r*) > vy,
and of course, by hypothesis, we have v; > E(a}'), so we must have va(r™) > E(ay*). Since vy(-)
is a non-decreasing function, we are done. Note in particular, that if the environment is nice, the
principal does strictly better in any cut-off equilibrium under adverse selection (provided, of course.
that adverse selection is introduced in this particular manner).
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A Proof of Proposition 3.1

Proposition 3.1 is proved via several lemmata. For ease of exposition, we present the proof in three
steps, each contained in a separate subsection.

A.1 The Agents’ Best-Response Problem

Let o be any cut-off strategy for the principal, with cut-off point 7 € S . Henceforth, we will refer
to this strategy simply by the point 7.

The Agents’ Second Period Problem

In the second period, an agent of type w; who has been retained after generating a reward of r in
the first period solves the following problem:

max{u(a,w;) | @ € A}.
Since u is continuous and A is compact, a maximum exists. Let
U(we) = max{u(a,w;)|a € A}
M(w;) = argmax{u(a,w)|a€ A}
Lemma A.1 Let ay € M(wi), a1 € M(w;), where k > 1. Then ax 2 ar-
Proof By definition of a; and @, we have
u(ak,wk) > u(ar,wy)
w(ag,wy) > w(ag,wr).
Thus,
u(ag,wy) — u(ag,wr) u(ay, wi) — u(ar,w)-
By the supermodularity of u, this last inequality implies that we must have a; 2 a;. O

Lemma A.2 U(wy) is increasing in k.
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Proof This is immediate from Assumption A6. O
The Agents’ First-Period Problem
In his first period, an agent of type w; solves
max{u(a,wy) + 6/>r- U(wy)dF(rla)| a € A}.
For notational simplicity let

G(T,a,wi) = 6/)_(7(wk)dF(r|a) = 6U(w)[1 — F(7la)].

Then the problem is to solve
max{u({a,w;) + G(F,a,wi) | a € A}
Lemma A.3 G is weakly supermodular in (a,w;) for each fized T.

Proof By Lemma A.2, U(-) is increasing in the index k. Moreover, for any 7 € 5, [1 — F(7|a)]
is weakly increasing in a by Assumption A4 (the monotone-likelihood ratio property of the reward
densities). As the product of weakly increasing functions of w; and a, respectively, the result

follows. O
Lemma A.4 G is continuous in its arguments.

Proof This is an immediate consequence of the atomlessness of F and the joint continuity of f
on § x A. a

Now define

M*(r.w) = argmax{u(a,w;)+ G(r,a,wi) |a € A}
By Lemma A.4 and the compactness of A, M* is non-empty for each (r,w;). By Lemma A.3 and
the supermodularity of w on A x {2, the elements of M*(r,-) are ordered on Q for each fixed r; that
is, k < I, ap € M*(r,w), a1 € M*(r,w;) implies a; < a;. Finally, by the Maximum Theorem, M~
is an upper-semicontinuous correspondence on S x Q. Thus, letting M*(r,wy) = P(M*(r,wy)) be
the set of mixed best actions for an agent of type w; (given the cut-off r), we obtain the following:

1. M* is a non-empty valued, convex valued, upper-semicontinuous corrrespondence on S x Q.
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9. For each fixed r , the elements of M*(r,-) are ordered in w in the sense that if £ < I,
iy € M*(r,wy), and g € M*(r,w;), then there exist intervals [ay, bx] and [a;, b)) in A such
that b, < a; and ,ltk([akabk]) = Hl([ahbl]) =1

The Principal’s Best-Response Problem

Let anonymous strategies (i,y) = (fx,7e)7=) for the agents be given, where (i) ur € P(A) is a
mixed action that is the first period action of a type w; agent; and (ii) y4: 5 — Ais a function that
specifies for each realized first period reward r € 9, a second period action yi(r) € A for an agent
of type wy. We suppose throughout that the strategies are monotone in type, i.e., that

1. Fork=1,...,n =1, vpp1(r) > 1(r) forall r € §.

9. There exist (possibly degenerate) intervals [ay, bx]in A such that a4y 2 byfork=1,...,n—1,
and

Hk([almbk]): 1, k= 1,...,n.
We will show that the principal’s best response to such behavior by the agents is to use a

cut-off strategy; and that the set of optimal cut-offs is an upper-semicontinuous convex valued
correspondence in the agents’ strategies.

So suppose that the first period reward witnessed was 7, and let the principal’s updated beliefs
regarding the incumbent’s type be given by (Bx(r)). Then, given the agents’ strategies, the expected
second period utility to the principal from retaining the incumbent, denoted vo(T, pt,7), is given by

() = 3 [ [ By )

Now, recall from Section 2 that for any m € P(A), @(r|m) is the probability of observing the
reward 7 under the mixed-action m: .

o(rim) = /Af(rla)m(da).
The following lemma implies almost immediately that v(r,p,7) is increasing in 7.

Lemma A.5 Ifk > [, then the ratio o(r|ux)/¢(r|i) is non-decreasing in 7.

Proof We can express the given ratio as

o(rl) e 1
Al /. [fA f(ria‘)m(da)] i (d8).
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Now

B GO AR TGOl
{fAf(Tla)/iz(da)] - /al [f(r]a)] wi(da).

Since the support of y; is contained in [a, b¢], we may take a € [ag, by] without loss. Since k > [, we
have a; > b; by hypothesis, so @ > b;. Thus, the bracketed term on the RH S of the last expression
is non-increasing in r by Assumption A4 (the monotone likelihood ratio property). It follows easily
that (7 | pe)/@(r | pl) is non-decreasing in 7. a

Lemma A.6 vy(r, p,7) is increasing in 7.

Proof Let r,# € § with r > 7. Let p denote the updated posterior belief 3(r) regarding the
agent’s type after witnessing 7, and let p similarly denote 3(7). We claim that p “stochastically
dominates” p in the sense that for any £ € {1,.. .,n}, we have

Z Py 2 Z Dr-
k=¢ k=t

In words, this expression says that upon witnessing higher rewards, beliefs shift towards higher
types. To see this, fix any £. From the definition of p and p, we are required to show that

Z?n:l ﬂmgo(rhtm) > Z?ﬁ:e ﬂ'm‘P(f'le).
S mep(rle) T Token me(Fli)

Cross-multiplying and cancelling common terms, this is the same as showing

(}: mw(ﬂuk)) (Zn_: Wm¢(rlum)) 2 (i_ ﬂw(rluk)) (}; Wmea(flum)>~

or, what is the same thing,

(-1 n -1 n

S5 memme( ) (rlum)] 2 Y0 3 [remme(rlpe)@(Flim)]

k=1m=¢ k=1m=¢t

But for each k& € {1,...,£— 1} and m € {£,...,n}, it is the case by Lemma A.5 that

@7l e(rlim) 2 (rlpe)e(Flpm)-

This establishes the required inequality, and therefore, that p stochastically dominates p as claimed.
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Now, in the second period, all agents are going to take their myopically optimal actions, and
by Lemma A.1, these actions are higher for higher types. Since beliefs shift towards higher types
upon observing higher rewards, this means immediately that second-period expected rewards are
increasing in the reward r generated in the first period. This proves Lemma A.6. O

It is intuitively obvious from Lemma A.6 that a cut-off strategy is optimal for the principal. For.
suppose V*(t,7) represents the value function for the principal each time she hires a new agent.
(By the stationarity of the problem, V*(u,7) is independent of when this occurs.) Then, since any
agent must be replaced after two periods, the choice facing the principal after a first period reward
of r from the incumbent is of the form

max{va(r, 1. 7) + oV (1, 7), V7 (1, 7)}-

Since vo(r, 4, 7) is non-decreasing in 7, it is immediate from this expression that a cut-off strategy
-must be optimal.

Unfortunately, formalizing these ideas (in particular, showing that V*(yu,7) is well-defined) is
notationally tedious. On the other hand, this formalizing is necessary to show that this optimal
cut-off varies continuously with (g,¥).

Given (p,7), the best response problem facing the principal is a stationary dynamic program-
ming problem (SDP) whose components are given by the following:

1. The state space is the Cartesian product of {0,1}, S, and the unit simplex in R, A"~ A
typical state is denoted (n,r,p), where n is the number of periods the current incumbent has
left., 7 is the reward produced by the incumbent in the period immediately preceding, and p
is the current belief regarding the incumbent’s type.

2. The action space A is the two point set {“keep” (k), “dismiss” (d)}, whose components are
self-explanatory. The set of feasible actions U(n,r,p) at the state (n,r,p) is given by -

A, ifn=1
W(nyrl’p) - {{d}7 ifn:O -

3. The reward function X is defined as follows: when action d is taken at any state (n,r,p). the
immediate reward received is

Mmrpd) = 3 {m ([ Fetrmiar)

k=1

while the action  at the state (n, 7, p) leads to a reward of

M(n,7.p)oK) = = i {Pk (/5 ff(fl'yk(r))df>}

k=1
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4. Finally, the transition probabilities ¢(-|(n,r,p),d) and q(-|(n,7,p),K) are defined as follows.
When the action d is taken at any state (n,r,p), the new state is

(1,7 Bx(7)) with probability Y _(mxp(7|is))dr
k

If the action  is taken at state (1,7,p), then the new state is
(0,7,m) with probability 1.

This completes the description of the principal’s best response problem. Since the state and
action spaces are compact, the feasible action ¥ correspondence is continuous, the reward function
is continuous, the reward function A is continuous, and the transition probabilities g are weakly
continuous, standard results in stationary dynamic programming show that this problem is well-
defined; an optimal strategy exists; and the value function W(s,r,v)is continuous in its arguments.

It is trivial that the Bellman equation for the problem at the state (1,7,p) can be written as

W(l,r.p) = = max{va(7,pt,7) + W (0,7, ), w(0,r,m)},

where vy(r, jt,7) was defined earlier. Now let

o ) = sup § if va(r, e, y) < (1~ a)W(0,r,m) for all r € S
AR inf 5 if vo(r11,7) > (1 — )W (0,7, m) forall r € 5

and let C(u,7,,7) = {r | vao(r,p,7) = (1 = )W (0,r,m)}, otherwise. Since vo(7, it,7y) is non-
decreasing in r by Lemma A.6, it is clear that the principal’s set of optimal actions given (u,7) is
C(p,y; ), ie., given any 7 € C(u,7v; ), an optimal strategy for the principal when facing (x,7) is
to retain the agent if and only if the first period reward exceeds 7.

Finally, note that in the SDP defining the principal’s best response problem, the reward function
)\ is jointly continuous in states, actions, and the triple (1, 7; 7); while the transition probabilities
are jointly weakly continuous in states, actions, and (p, ;7). It follows from Theorem 1 of Dutta.
Majumdar, and Sundaram [11] that treating (4,7; ) as the parameters of this SDP, the solution
(i.e. the optimal action correspondence) is jointly upper-semicofitinuous in states and parameters.

In particular, C'(u,7;7)is upper-semicontinuous in (y, ;7).

Summing up, the principal’s best response to the anonymous agent strategy (u,7v) is to use
a cut-off rule. The set of optimal cut-off rules C(g,7;7) define an upper-semicontinuous, convex
valued correspondence in (y,7) and in 7.

The Fized-Point Theorem

The principal’s space of strategies may evidently taken to be §. The agent’s second period action
does not depend on the principal’s cut-off strategy; thus we may take the agent’s second period
action vector (71,...,7n) to be any measurable selection satisfying '

() € M(wy,) forallreS.
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(Recall that M(-) is the set of optimal second-period actions for the agents.) Pick any selection
v = (Y1,---,7n) and hold it fixed through the remainder of the argument. Note that by the
monotonicity of M(-), we must have v;(r) > (r) for all r whenever k>l

Now define a subset Z™ of the n-fold Cartesian product of P(A) as follows: a typical point
(1, -ftn) in Z" is such that

1. p € P(A) for all k.
2. There are intervals [ax, b] in A satisfying

(a) b < agpqer, k=1,...,n—1

(b) pel[ar b)) = 1.

From the agent’s best response problem, we know that when the principal adopts a cut-off
strategy 7, the set of optimal first period actions for an agent of type wy is given by M™(r,wy),
where M* is an upper-semicontinuous, convex-valued correspondence. Define

B (r) = (M (r,wy),...,M"(r,w,)).

By Lemmata A.3 and A.4, B*(-) maps into Z7; it is also evidently a convex-valued upper-semi-
continuous correspondence.

From the principal’s best response problem, we know that for any p € Z™, the principal has an
optimal response which is a cut-off strategy. The set of optimal cut-offs is given by C(u,v), which
is an upper-semicontinuous, convex-valued correspondence from Z" into S.

Now, let D:§ x Z® — § X Z™ be defined as

D(r,pn) = (Clp,7), B*(r))-

Then D is itself an upper-semicontinuous convex-valued correspondence from S x Z" into itself.
Further, § is compact and convex by hypothesis, and it is easy to check that (under the weak
topology) Z" is also compact, and evidently convex. Therefore, the existence of a fixed-point
follows form Glicksberg’s Theorem (see, e.g., Smart [34]).

Such a fixed-point is evidently an equilibrium of the game. By construction it satisfies the
remaining properties outlined in Proposition 3.1. d

B Proof of Proposition 3.6

Let 7, — 7. Suppose (o}, ut) € &(m) for each [. Define Z™ as in the proof of Proposition 3.1 (see
Appendix A). Since Z" and § are compact, we may assume, without loss of generality, that there
are 7* in S, and p* € Z" such that r; — r* and g — p*. (Here, in obvious notation, r; is the
cut-off associated with oy.)
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Now, define the correspondence C' as in the proof of Proposition 3.1 (again see Appendix
A). Recall that ¢ was established in the course of that proof to be upper-semicontinuous on
7" x A" x A*~'. By definition, r} € C(uj,m) for each [, establishing r* € C'(u*, 7).

Finally, define the correspondence B* as in the proof of Proposition 3.1. Then, we have

@ € B*(rr). From the proof of Proposition 3.1, we know that B* is an upper-semicontinuous
correspondence on Z". Therfore, u* € B*(r*), and thus (o, 1) € £(7) completing the proof. O
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